Compared with the strong background noise, the energy entropy of early fault signals of bearings are weak under actual working conditions. Therefore, extracting the bearings' early fault features has always been a major difficulty in fault diagnosis of rotating machinery. Based on the above problems, the masking method is introduced into the Local Mean Decomposition (LMD) decomposition process, and a weak fault extraction method based on LMD and mask signal (MS) is proposed. Due to the mode mixing of the product function (PF) components decomposed by LMD in the noisy background, it is difficult to distinguish the authenticity of the fault frequency. Therefore, the MS method is introduced to deal with the PF components that are decomposed by the LMD and have strong correlation with the original signal, so as to suppress the modal aliasing phenomenon and extract the fault frequencies. In this paper, the actual fault signal of the rolling bearing is analyzed. By combining the MS method with the LMD method, the fault signal mixed with the noise is processed. The kurtosis value at the fault frequency is increased by eight-fold, and the signal-to-noise ratio (SNR) is increased by 19.1%. The fault signal is successfully extracted by the proposed composite method.
Introduction
Bearings are crucial parts of rotating machinery, and bearing wear is inevitable [1, 2] . The early signs of bearing wear are very weak, and the signals are difficult to find in the strong noise background [3] [4] [5] . Bearing faults will occur if corresponding measures have not been taken, which can even lead to serious accidents, causing economic losses and personnel casualties, so the early fault signal extraction of bearings has always been highly valued [6] [7] [8] . The faults of rolling bearings can be mainly summarized as inner ring wear, outer ring wear and rolling body pitting, and periodic pulse signals will be produced when these faults occur. Due to the noise interference, the early fault signal extraction is always the most important and difficult part of fault diagnosis [9, 10] . The existing fault diagnosis methods include traditional Fourier transform, wavelet decomposition and empirical mode decomposition (EMD).
Dragomiretskiy et al. proposed the variational modal decomposition (VMD) method in 2014 [11] . VMD converts the decomposition of the signal into a variational constraint problem. A non-recursive solution is used to avoid the mode mixing which exists in traditional decomposition methods such as empirical mode decomposition (EMD). VMD possesses good noise robustness and high computational efficiency. Wang [12] proposed a VMD method based on particle swarm optimization, which uses the minimum mean envelope entropy to optimize the parameters of VMD and achieved good results in the fault diagnosis of rotating machinery. Yang [13] proposed a method which mixes Ensemble Empirical Mode Decomposition (EEMD), sample entropy and Singular Value Decomposition (SVD) in acoustic signal fault diagnosis, where sample entropy and SVD are indicators of periodic and irregular signals respectively. This adaptive method has good robustness and it is suitable for processing non-stationary and non-linear signals.
In 2005, on the basis of EMD, Smith proposed a time-frequency analysis method call local mean decomposition (LMD), whose essence is to divide the signal by frequency into different product function (PF) components. Each PF component is an envelope signal multiplied by a pure FM signal. By analyzing PF components after the decomposition in the frequency domain, the complete time-frequency distribution can be obtained [14] [15] [16] .
However, in comparison to EMD some disadvantages of LMD are also obvious. Thus, although the mode mixing of LMD has been reduced, the mode mixing is still serious. The mode mixing results in the mixing of time-frequency distribution and the generation of promiscuous PF components, so the required time-frequency information [17, 18] can't be extracted from them.
In order to solve the mode mixing of LMD, many scholars have proposed different methods in succession. Among these methods, Mask Signal (MS) has attracted much attention due to its high computational efficiency and strong post-processing ability, but so far, MS has not been applied to solve the mode mixing issues of LMD [19] [20] [21] .
Based on the above reasons, this paper introduces MS into LMD, and finds that MS has a certain noise reduction ability, the influence of noise in the PF component has been reduced by MS. The frequency energy mean parameter is the basis of the refinement of the fault frequency band [22] . In the analysis of weak simulation signal and the fault signals of the rolling bearings, the mode mixing of LMD has been successfully weakened, and the fault features have been extracted. The validity of the method is verified by calculating the signal-to-noise ratio and kurtosis ratio before and after the signal processing. In theory and practice, a new diagnostic method for fault feature extraction is provided.
Background and New Method

LMD Method
For an original signal x(t), the LMD decomposition steps are as follows: (1) According to all the local extreme point n i , all the local extreme mean values m i and the envelope estimate values a i are obtained.
The local mean function m 11 (t) and the envelope function a 11 (t) are obtained by the sliding average method.
(2) From the local mean function of the original signal x(t), the function h 11 (t) is obtained, and then it is demodulated to the function s 11 (t):
s 11 (t) is used as a new function to repeat the above steps to get s 12 (t) until s 1n (t) is a pure FM function, that is lim n→∞ a 1n (t) = 1. (3) The envelope signal is obtained:
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(5) After PF 1 (t) is separated from x(t) and u 1 (t) is obtained, u 1 (t) repeats the above calculation as a new original signal to obtain u 2 (t) until u q (t) is a monotone function stop iteration:
(6) The original signal is decomposed into:
MS Method
Deering [23] proposed the mask signal method to alleviate the mode mixing of EMD. The specific way is to determine the amplitude and the frequency of s(t) according to the EMD's Hilbert envelope amplitude and instantaneous frequency. Good results have been obtained, but less attention has been paid to the mask signal method in alleviating the mode mixing of LMD.
The basic principle of MS is to reduce the accumulated error of smooth processing by adding and subtracting the average, weaken the mode mixing and noise, highlight the peak value near the mean instantaneous frequency. Finding the proper mask signal s(t) is the key of MS:
(1) Suppose t is time, x(t) is the original signal, τ is the integral variable. We perform a Hilbert transform on the original signal x(t) to get y(t), and transform it to z(t):
(2) The instantaneous frequency is obtained according to the instantaneous phases of the amplitude function a i (t) and the phase function ϕ i (t):
Equation (7) can be calculated by the mean of the energy mean method:
The average amplitude and the average instantaneous frequency are different when MS is used for different signal processing. In face of x(t), a(t) is the envelope amplitude of x(t), f 1 (t) is the instantaneous frequency of x(t), so the mask signal is determined as:
According to the rule of thumb, a 0 often takes 1.6 times of the average amplitude of the signal component.
(3) Create a mask signal s(t), let:
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(4) The original signal can be obtained from the combination of x + (t) and x − (t):
The performance of MS is verified by an example of the simulation signal in Equation (15) . The simulation signal is shown in Figure 1 . The frequencies of a, b and c are 40 Hz, 80 Hz and 130 Hz, respectively: 
The performance of MS is verified by an example of the simulation signal in Equation (15) . The simulation signal is shown in Figure 1 As can be seen from the results of e, f, and g in Figure 1 , MS has a certain noise reduction capability, and the waveform in the g diagram has also changed. From the comparison results of the frequency domain diagram of f and g in Figure 2 , the peak values of the 40 Hz and 130 Hz signals after the masking process are significantly weaker than those of the untreated signal. The peak value of 80 Hz is clearly prominent. This is due to the fact that the relevant parameters of the mask signals of MS are instantaneous amplitude and instantaneous frequencies. The mean instantaneous frequency of the simulation signal is about 83 Hz. After masking, the peaks at 40 Hz and 130 Hz are weakened. As can be seen from the results of e, f, and g in Figure 1 , MS has a certain noise reduction capability, and the waveform in the g diagram has also changed. From the comparison results of the frequency domain diagram of f and g in Figure 2 , the peak values of the 40 Hz and 130 Hz signals after the masking process are significantly weaker than those of the untreated signal. The peak value of 80 Hz is clearly prominent. This is due to the fact that the relevant parameters of the mask signals of MS are instantaneous amplitude and instantaneous frequencies. The mean instantaneous frequency of the simulation signal is about 83 Hz. After masking, the peaks at 40 Hz and 130 Hz are weakened. 
The Basic Principle of LMD-MS
Nakayama and others put forward a method for improving the performance of the prediction task by mask signal [24] , which can be improved appropriately when applied to LMD. Since LMD adopts an envelope based on extreme points, the envelope estimation errors will be amplified after multiple decomposition, and the mode mixing will appear. The MS method takes the mean method after adding and subtracting, which can decrease the accumulated errors resulted from the multiple smooth processing to alleviate the mode mixing and the noise.
Taking the first PF component PF1 decomposed by LMD as an example, the decomposed PF1 is used as the original signal, and the mask signal is determined, the PF1 is decomposed into PF + and PF  , redefine PF1:
When the LMD-MS method deals with a single fault bearing signal, the PF component who has the highest relativity with the original signal can be selected as the target for mask processing.
In the fault signal, the fault impact will appear periodically, so in this frequency band, the frequency energy means will be higher than those of other frequency bands. Figure 3 is the frequency energy mean diagram of the simulation signal in Equation (15) . 
Taking the first PF component PF 1 decomposed by LMD as an example, the decomposed PF 1 is used as the original signal, and the mask signal is determined, the PF 1 is decomposed into PF + and PF − , redefine PF 1 :
In the fault signal, the fault impact will appear periodically, so in this frequency band, the frequency energy means will be higher than those of other frequency bands. Figure 3 is the frequency energy mean diagram of the simulation signal in Equation (15) . When the mean instantaneous frequency is 80 Hz, the time-frequency domain diagram is basically the same as Figure 2 , and from the results of Figures 2 and 4 , we can see that the selection of the mask signal is the key point. When using the mask method to process the signal, we can choose the frequency with the highest frequency energy as the basis for selecting the mask signal. The flow chart of the fault diagnosis method based on MS and LMD is as follows in Figure 5 : When the mean instantaneous frequency is 80 Hz, the time-frequency domain diagram is basically the same as Figure 2 , and from the results of Figures 2 and 4 , we can see that the selection of the mask signal is the key point. When using the mask method to process the signal, we can choose the frequency with the highest frequency energy as the basis for selecting the mask signal. The flow chart of the fault diagnosis method based on MS and LMD is as follows in Figure 5 : When the mean instantaneous frequency is 80 Hz, the time-frequency domain diagram is basically the same as Figure 2 , and from the results of Figures 2 and 4 , we can see that the selection of the mask signal is the key point. When using the mask method to process the signal, we can choose the frequency with the highest frequency energy as the basis for selecting the mask signal. The flow chart of the fault diagnosis method based on MS and LMD is as follows in Figure 5 : 
Simulation Signal Analysis
In order to verify the mode mixing phenomenon of LMD in noise, the modulated simulation signal in Equation (17) is adopted, the corresponding frequencies are 40 Hz, 120 Hz and 260 Hz respectively, and the corresponding time-domain waveform of simulation signal is shown in Figure 6 .
Entropy
In order to verify the mode mixing phenomenon of LMD in noise, the modulated simulation signal in Equation (17) is adopted, the corresponding frequencies are 40 Hz, 120 Hz and 260 Hz respectively, and the corresponding time-domain waveform of simulation signal is shown in Figure  6 . In Figure 6 , from top to bottom, the signals are a sine signal, the noise signal, two cosine signals and the time domain diagrams of the synthesized simulation signal, where the two cosine functions are modulated by a sine function.
 
The frequency domain diagram of the PF component that is directly processed by LMD decomposition without a mask signal method is shown in Figure 7 . The first layer is the time-frequency domain of PF1, it can be clearly seen from the frequency domain that there are high peaks at 120 Hz, 260 Hz and a lower peak at 40 Hz. The second layer is the time-frequency domain of PF2, and there are significant peaks at 40 Hz and 120 Hz. At the same time, there are many false frequencies in the spectrum due to the noise interference. The third layer is the time-frequency domain of PF3, the frequency graph only has a higher peak at 40 Hz, the fourth layer and the fifth layer is false components which can be dropped.
From the comparison of the first three layers of the PF components, it can be concluded that 120 Hz and 260 Hz belong to high-frequency components, 40 Hz belongs to low-frequency components, but 120 Hz and 260 Hz appear in the spectrum of PF1 at the same time. 40 Hz and 120 Hz appear in the spectrum of PF2 at the same time, which proves that mode mixing occurs.
The mean frequency energy parameters of the simulation signal are calculated and the required frequency information is filtered. Regard the frequency value before and after 5 Hz as the frequency energy mean length, which is shown in Figure 8 . In Figure 6 , from top to bottom, the signals are a sine signal, the noise signal, two cosine signals and the time domain diagrams of the synthesized simulation signal, where the two cosine functions are modulated by a sine function.
The frequency domain diagram of the PF component that is directly processed by LMD decomposition without a mask signal method is shown in Figure 7 . The first layer is the time-frequency domain of PF 1 , it can be clearly seen from the frequency domain that there are high peaks at 120 Hz, 260 Hz and a lower peak at 40 Hz. The second layer is the time-frequency domain of PF 2 , and there are significant peaks at 40 Hz and 120 Hz. At the same time, there are many false frequencies in the spectrum due to the noise interference. The third layer is the time-frequency domain of PF 3 , the frequency graph only has a higher peak at 40 Hz, the fourth layer and the fifth layer is false components which can be dropped.
From the comparison of the first three layers of the PF components, it can be concluded that 120 Hz and 260 Hz belong to high-frequency components, 40 Hz belongs to low-frequency components, but 120 Hz and 260 Hz appear in the spectrum of PF 1 at the same time. 40 Hz and 120 Hz appear in the spectrum of PF 2 at the same time, which proves that mode mixing occurs.
The mean frequency energy parameters of the simulation signal are calculated and the required frequency information is filtered. Regard the frequency value before and after 5 Hz as the frequency energy mean length, which is shown in Figure 8 .
The results obtained from Figure 8 show that the mean frequencies of 40 Hz, 120 Hz and 260 Hz are the highest, and the mask signal is selected according to the three frequency values. The results obtained from Figure 8 show that the mean frequencies of 40 Hz, 120 Hz and 260 Hz are the highest, and the mask signal is selected according to the three frequency values.
When the mean instantaneous frequency of the mask signal is selected as 40 Hz, the corresponding results can be obtained for PF1, PF2 and PF3, but the results obtained for PF3 are the best. When the mean instantaneous frequency of the mask signal is 260 Hz, the treatment of PF1 is obviously not reasonable. So the choice of processing objects should be adjusted according to the actual situation. The selected objects in this paper are as follow: The mean instantaneous frequency of PF1 is 40 Hz, the mean instantaneous frequency of PF2 is 120 Hz and the mean instantaneous frequency of PF3 is 260 Hz. The results are shown in Figure 9 .
The first three orders of PF components contain different frequencies. Although there are 40 Hz and 120 Hz frequency components in PF1, they have been greatly weakened. Therefore, MS can effectively weaken the mode mixing phenomenon of the simulation signal. In order to verify the advantages of the proposed method VMD and EMD are introduced for comparison. Figure 10 is the EMD decomposition results of the simulation signal and Figure 11 The results obtained from Figure 8 show that the mean frequencies of 40 Hz, 120 Hz and 260 Hz are the highest, and the mask signal is selected according to the three frequency values.
The first three orders of PF components contain different frequencies. Although there are 40 Hz and 120 Hz frequency components in PF1, they have been greatly weakened. Therefore, MS can effectively weaken the mode mixing phenomenon of the simulation signal. In order to verify the advantages of the proposed method VMD and EMD are introduced for comparison. Figure 10 is the EMD decomposition results of the simulation signal and Figure 11 When the mean instantaneous frequency of the mask signal is selected as 40 Hz, the corresponding results can be obtained for PF 1 , PF 2 and PF 3 , but the results obtained for PF 3 are the best. When the mean instantaneous frequency of the mask signal is 260 Hz, the treatment of PF 1 is obviously not reasonable. So the choice of processing objects should be adjusted according to the actual situation.
The selected objects in this paper are as follow: The mean instantaneous frequency of PF 1 is 40 Hz, the mean instantaneous frequency of PF 2 is 120 Hz and the mean instantaneous frequency of PF 3 is 260 Hz. The results are shown in Figure 9 .
The first three orders of PF components contain different frequencies. Although there are 40 Hz and 120 Hz frequency components in PF 1 , they have been greatly weakened. Therefore, MS can effectively weaken the mode mixing phenomenon of the simulation signal.
In order to verify the advantages of the proposed method VMD and EMD are introduced for comparison. Figure 10 is the EMD decomposition results of the simulation signal and Figure 11 Compared with the LMD-MS method proposed in this paper, it is obvious that the decomposition results in the paper are more accurate, which proves that the method proposed in this paper has strong advantages compared with other decomposition methods.
Entropy 2018, 20, x 9 of 14 VMD, the frequencies of the decomposed component are 54 Hz, 130 Hz and 335 Hz. Compared with the LMD-MS method proposed in this paper, it is obvious that the decomposition results in the paper are more accurate, which proves that the method proposed in this paper has strong advantages compared with other decomposition methods. Entropy 2018, 20, x 9 of 14 VMD, the frequencies of the decomposed component are 54 Hz, 130 Hz and 335 Hz. Compared with the LMD-MS method proposed in this paper, it is obvious that the decomposition results in the paper are more accurate, which proves that the method proposed in this paper has strong advantages compared with other decomposition methods. 
LMD-MS Rolling Bearing Fault Signal Analysis
In this paper, adopting Case Western Reserve University's fault bearing data for analysis [25] , the speed is 1750 r/min, the sampling frequency is 12,000 Hz, and the basic frequency of the rotating shaft is 29.1 Hz, the calculated inner ring fault frequency is about 157.9 Hz, this paper selects 10,240 points of the data for analysis and research. Calculate the mean frequency energy's mean value of the original signal and filter the required frequency information. Take the frequency values before and after 5 Hz as the frequency energy mean length are shown in Figure 12 . Figure 13 shows the time domain waveforms and envelope analysis results of the LMD decomposition of the fault signal. Take the first three layers PFs that are strongly related to the original signal. In Figure 12 , the mean values of the frequency energy at 29 Hz and 58 Hz are higher, and the mean value of the frequency energy at 160 Hz is the highest, thus the mask signal has been determined.
In the figure, there are higher peaks at the inner ring fault frequency of 158.3 Hz and its double frequency of 316.6 Hz. Due to the fake frequency modulated by the signal during transmission process, there are higher peaks at the frequency of 29.1 Hz and the double frequency of 58.2 Hz, while 98 Hz and 210 Hz have higher peaks. The results obtained by PF2 and PF3 are similar to PF1, which proves that the mode mixing phenomenon has occurred. PF1 is processed by the mask Figure 11 . Simulation signal VMD decomposition results.
In this paper, adopting Case Western Reserve University's fault bearing data for analysis [25] , the speed is 1750 r/min, the sampling frequency is 12,000 Hz, and the basic frequency of the rotating shaft is 29.1 Hz, the calculated inner ring fault frequency is about 157.9 Hz, this paper selects 10,240 points of the data for analysis and research. Calculate the mean frequency energy's mean value of the original signal and filter the required frequency information. Take the frequency values before and after 5 Hz as the frequency energy mean length are shown in Figure 12 . Figure 13 shows the time domain waveforms and envelope analysis results of the LMD decomposition of the fault signal. Take the first three layers PFs that are strongly related to the original signal.
In Figure 12 , the mean values of the frequency energy at 29 Hz and 58 Hz are higher, and the mean value of the frequency energy at 160 Hz is the highest, thus the mask signal has been determined.
In the figure, there are higher peaks at the inner ring fault frequency of 158.3 Hz and its double frequency of 316.6 Hz. Due to the fake frequency modulated by the signal during transmission process, there are higher peaks at the frequency of 29.1 Hz and the double frequency of 58.2 Hz, while 98 Hz and 210 Hz have higher peaks. The results obtained by PF 2 and PF 3 are similar to PF 1 , which proves that the mode mixing phenomenon has occurred. PF1 is processed by the mask method and the result is shown in Figure 14 . Obviously, the 29.1 Hz and the double frequency of 58.2 Hz are obviously weakened, which weakens the mode aliasing of LMD. 
In the figure, there are higher peaks at the inner ring fault frequency of 158.3 Hz and its double frequency of 316.6 Hz. Due to the fake frequency modulated by the signal during transmission process, there are higher peaks at the frequency of 29.1 Hz and the double frequency of 58.2 Hz, method and the result is shown in Figure 14 . Obviously, the 29.1 Hz and the double frequency of 58.2 Hz are obviously weakened, which weakens the mode aliasing of LMD. From the comparison of the envelope analysis of the PF1 component after the mask processing, it can be seen that the peaks at 58 Hz and 100 Hz are greatly weakened, and higher peaks appear only at the inner fault frequency of 158.1 Hz and the double frequency of 316.2 Hz. At the same time, the signal amplitude is reduced, which proves that MS has a certain noise reduction capability. After calculation, the correlation coefficient of PF1 is the highest, so PF1 is selected as the research object. In practical application, the component with the highest correlation coefficient can be selected as the research object.
Similar to the simulation signal, VMD is selected as the control method, and the number of selected decomposition layers is 3. The three components of VMD decomposition are shown in Figure 15 , and the peak frequencies are at 50 Hz, 120 Hz and 355 Hz respectively. It is obvious that the frequency 157.9 Hz of the inner ring has not been decomposed, which is due to the nature of VMD itself. Therefore, it is proved that the method used in this paper is superior to other fault diagnosis methods. method and the result is shown in Figure 14 . Obviously, the 29.1 Hz and the double frequency of 58.2 Hz are obviously weakened, which weakens the mode aliasing of LMD. From the comparison of the envelope analysis of the PF1 component after the mask processing, it can be seen that the peaks at 58 Hz and 100 Hz are greatly weakened, and higher peaks appear only at the inner fault frequency of 158.1 Hz and the double frequency of 316.2 Hz. At the same time, the signal amplitude is reduced, which proves that MS has a certain noise reduction capability. After calculation, the correlation coefficient of PF1 is the highest, so PF1 is selected as the research object. In practical application, the component with the highest correlation coefficient can be selected as the research object.
Similar to the simulation signal, VMD is selected as the control method, and the number of selected decomposition layers is 3. The three components of VMD decomposition are shown in Figure 15 , and the peak frequencies are at 50 Hz, 120 Hz and 355 Hz respectively. It is obvious that the frequency 157.9 Hz of the inner ring has not been decomposed, which is due to the nature of VMD itself. Therefore, it is proved that the method used in this paper is superior to other fault diagnosis methods. From the comparison of the envelope analysis of the PF 1 component after the mask processing, it can be seen that the peaks at 58 Hz and 100 Hz are greatly weakened, and higher peaks appear only at the inner fault frequency of 158.1 Hz and the double frequency of 316.2 Hz. At the same time, the signal amplitude is reduced, which proves that MS has a certain noise reduction capability. After calculation, the correlation coefficient of PF 1 is the highest, so PF 1 is selected as the research object. In practical application, the component with the highest correlation coefficient can be selected as the research object.
Similar to the simulation signal, VMD is selected as the control method, and the number of selected decomposition layers is 3. The three components of VMD decomposition are shown in Figure 15 , and the peak frequencies are at 50 Hz, 120 Hz and 355 Hz respectively. It is obvious that the frequency 157.9 Hz of the inner ring has not been decomposed, which is due to the nature of VMD itself. Therefore, it is proved that the method used in this paper is superior to other fault diagnosis methods. Optimization degree of LMD-MS is studied from the kurtosis. The kurtosis values of PF1, PF2 and PF3 increased from 3.6, 3.3 and 3.2 to 28.4, 27.6 and 26.8, an increase of nearly eight times.
According to the signal-to-noise ratio formula:
The S, N, and L are respectively the signal energy, the noise energy, and the signal length, X(k) and X(k0) are the peak at k and the peak of the characteristic frequency in the spectrum. The signal-to-noise ratio of the signal at 157.9 Hz has increased by 19.1% before and after the use of the mask method.
Conclusions
(1) MS has a strong inhibitory effect on the mode mixing under strong noise background, and experiments show that MS has a certain ability to the noise reduction. (2) LMD has a strong ability to decompose and analyze fault signals, but it will distort in strong noise background, and cause mode mixing and so on. It is difficult to get effective fault information. (3) In this paper, MS is introduced into LMD, and a LMD-MS method which combines the mask signal method with LMD has been proposed. The signal is decomposed by LMD, and then the PF components are processed by MS to reduce the noise and alleviate the mode mixing. The simulation signal is used to verify the feasibility of the proposed method. The signal-to-noise ratio of the actual signal is increased by 19.1%, and the weak fault features of the bearing are extracted successfully. It provides a new research idea for the weak fault feature extraction.
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